We present evidence for the existence of Majorana edge states in a number conserving theory describing a system of spinless fermions on two wires that are coupled by a pair hopping. Our analysis is based on the combination of a qualitative low energy approach and numerical techniques using the Density Matrix Renormalization Group. We also discuss an experimental realization of pair-hopping interactions in cold atom gases confined in optical lattices, and its possible alternative applications to quantum simulation.
We present evidence for the existence of Majorana edge states in a number conserving theory describing a system of spinless fermions on two wires that are coupled by a pair hopping. Our analysis is based on the combination of a qualitative low energy approach and numerical techniques using the Density Matrix Renormalization Group. We also discuss an experimental realization of pair-hopping interactions in cold atom gases confined in optical lattices, and its possible alternative applications to quantum simulation. At present there is significant interest in identifying physical setups where Majorana fermions (MFs) [1] emerge as a collective phenomenon in many-body quantum systems [2] . The motivation behind this search is two-fold: First, the existence of MFs is intimately linked to the concept of topological phases and their exploration. Second, MFs provide due to their topological nature a promising platform for topological quantum computing and quantum memory [3] [4] [5] . In a seminal paper Kitaev pointed out a route towards the realization of MFs in a simple many-body system [6] : A 1D wire of spinless fermions with a p-wave pairing can exhibit a topologically ordered phase with zero-energy Majorana edge modes. The key ingredient here is the coupling of the wire to a superconducting reservoir in a grand canonical setting, which is induced in complex solid state structures via the so called proximity effect. Building on this result, a remarkable theoretical and experimental effort has been devoted in search of alternative settings supporting topological superconductivity in 1D condensed matter systems, such as the combination of spin-orbit coupling, magnetic fields and s-wave interactions [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Alternatively, Majorana physics can be observed with 1D quantum gases coupled to a particle reservoir represented by molecular condensates, taking advantage of the unique tools for control and measurements in atomic systems [17] [18] [19] .
In contrast, we propose and investigate in the present Letter an alternative approach to create Majorana edge states in a purely number-conserving setting [20] [21] [22] . We consider the conceptually remarkably simple system of spinless fermions in two wires with single-particle intrawire hopping, which are coupled via an interwire pair hopping (c.f. Fig. 1a) . On an intuitive level the relation to Kitaev's model and existence of Majorana edge states is apparent, when we consider one of the wires as an effective particle reservoir for the second wire. The essential element in our system is pair hopping between the wires, which breaks the U (1) symmetry associated with the conservation of the particle-number difference between the two wires, down to the Z 2 parity symmetry, an ingredient known to be crucial for the emergence of Majorana modes in the grand-canonical scenario. The purpose of this work is two-fold. First, we provide evidence for Majorana edge states and related topological order using both field-theoretical arguments and detailed a DensityMatrix-Renormalization Group (DMRG) study [23, 24] . Second, we show that the present setup with pair hopping has a natural implementation with cold atoms in state-dependent optical lattices [25] combined with Ra-man assisted tunneling processes.
The emergence of Majorana edge states in the superfluid phase of the system is demonstrated on the basis of the following criteria: (i) two degenerate ground states with different parities for the individual wires in the case of open boundary conditions (OBC), (ii) nonlocal fermionic correlations between the edges, coming along with (iii) topological order indicated by a degenerate entanglement spectrum, and (iv) robustness of the above properties against static disorder. We also show that properties (i)-(iii) survive in the presence of a weak single-particle hopping between the wires, also supporting the topological origin of the state. For experimental realizations, in particular with atoms, the last property could be crucial, as it shows the robustness against the most probable major imperfection.
Model. We consider the following Hamiltonian:
where
are fermionic annihilation (creation) operators defined on two distinct wires a and b, respectively, the first line describes intrawire single-particle hopping with the corresponding amplitudes t a,b (in the following we consider t a = t b = t as a weak asymmetry of t a,b does not affect the results qualitatively), and the last term is the interwire pair hopping with the amplitude W . The choice of the Hamiltonian (1), motivated by previous considerations of the number-conserving setting [20] , stems from global symmetries and corresponding conserved quantities: Beside the total number of particles,
associated with the U (1) symmetry, there is another conserved charge -the parity P 1 of one of the wires [say, the wire a, P 1 = p a = (−1) Na ] associated with a Z 2 symmetry [44]. The conservation is guaranteed by the last term in H allowing only hopping of particles between the wires in pairs, and is the key requirement to access a topological phase with MFs.
Before presenting the analytical and numerical analysis of the Hamiltonian (1), let us give an intuitive picture based on the simplest system supporting fermionic Majorana edge states -the 1D Kitaev quantum wire [6] with pwave pairing described by a mean-field BCS-like Hamiltonian resulting from the coupling to a reservoir of Cooper pairs (see Ref. [6] for details). In our case, one could view one wire as a reservoir of pairs for the other wire and vice versa, and decompose the pair-hopping term in a mean-field manner as
, where ∆ a = W a i a i+1 and ∆ b = W b i b i+1 are non-zero pairing amplitudes which can be found by applying the standard Bogolyubov procedure. With this decomposition, the Hamiltonian (1) describes two Kitaev wires [6] , each of them having doubly-degenerate ground states with different fermionic parities p a,b = ± for the a-and b-wire, respectively, and carrying two Majorana operators corresponding to the edge-modes. Therefore, the ground state (GS) of the double-wire system (1) with a fixed parity P 1 = p a and a total parity P = (−1)
N is doubly degenerate. The two ground states can be connected by the product of two Majorana operators -one from each wire. Strictly speaking, long-wavelength fluctuations destroy long-range order in 1D breaking the mean-field description even at zero temperature. In the considered case, however, this does not change the picture qualitatively (see Ref. [21] ).
Low-energy theory. Effective field theories based on bosonization [29, 30] represent a remarkable tool to investigate the emergence of topological states and MFs in strongly correlated systems [11, [26] [27] [28] , and has been applied recently to number conserving settings [20, 21] . Here, we employ this formalism to qualitatively analyze the low-energy properties of the Hamiltonian (1). We start with applying standard bosonization formulas to introduce effective low-energy phase and density fluctuation fields ϕ γ , ϑ γ , respectively, for each species γ = a, b [45] . After introducing symmetric and antisymmetric combinations, ϕ S/A = (ϕ a ± ϕ b )/ √ 2, and neglecting contributions with high scaling dimensions, the bosonized Hamiltonian decouples into symmetric and antisymmetric sectors. The symmetric sector describes collective density-wave excitations, and is well-captured by a Tomonaga-Luttinger liquid Hamiltonian:
whilst the antisymmetric one is described by a sineGordon Hamiltonian [29] :
where K α and v α are the Luttinger parameter and the sound velocity, respectively, for each sector α = (A, S), and w ∝ W results from the pair hopping. It can be shown that the parity symmetry Z 2 and the number conservation are exactly retained at low energies in the antisymmetric and symmetric sector, respectively [20, 29] . We now discuss the qualitative phase diagram of the system by using standard Renormalization Group (RG) scaling arguments [29] [30] [31] . Away from the strong coupling limit W t (where terms with higher scaling dimensions may become relevant), the two sectors remain decoupled, so that one can analyze them separately. While the symmetric sector is simply a theory of free bosons, the antisymmetric sector displays richer physics, as it undergoes a phase transition from a gapless phase at W = 0 to a gapped, superconducting phase for W > 0. In analogy with the continuum model of Ref. [20] , Eq. (3) can be exactly mapped to the continuum version of the Kitaev wire [20] at the Luther-Emery point K A = 2. As a result, the system with OBC displays a two-fold ground state de-generacy, where the two states have opposite parities P 1 , and support MFs at the boundaries [45] . Moreover, the single-particle correlation functions show exponential decay a † i a i+x e −ξ|x| in the bulk, signaling the presence of a finite superconducting gap. Away from the LutherEmery point, the MF wave function overlap increases depending on (K A − 2), the corresponding splitting in the GS degeneracy at finite system size being e −κL , eventually turning to power-law in the presence of certain kinds of perturbations [20] [21] [22] . On the other hand, in the strong coupling limit |W | t, the presence of additional terms (with higher scaling dimension) of the form
leads to a reduction of the sound velocity v S , resulting in phase separation.
Numerical results Employing this low-energy picture as a guide, we now present a quantitative numerical investigation of the Hamiltonian Eq. (1). We start with a brief description of the phase diagram of the system, and then discuss the criteria (i)-(iv) relevant for the existence of MFs. In the following, we set t = 1 as the energy scale.
The phase diagram of the model can be divided into three regions: a superconducting phase, an insulating phase, and a region of phase separation. The superconducting phase is characterized by a homogeneous density, leading superconducting correlations, and nonzero single-
for periodic boundary conditions (PBC). Here E 0 (N ) is the ground state energy for N particles. We find this phase for small and moderate values of the pair hopping |W | 1 and all fillings except n = 1/2. At exactly half-filling, an incompressible insulating phase is formed with exponentially decaying superconducting correlations. For large values of the pair hopping |W | 1 we find phase separation with the formation of particle clusters. In the following we concentrate on the superconducting phase and check the criteria (i)-(iv). For our numerical analysis, we take W = −1.8 and the filling n = 1/3 as representative values resulting in a homogeneous superconducting phase for system sizes L = 12, 24 and L = 36 with even number of particles.
(i) The ground state degeneracy can be studied by looking at the energy gap ∆E n (N ) = E n (N ) − E 0 (N ) between the ground state and the n-th excited state. As shown in Fig. 2a , in the case of OBC, the gap between the ground and the first excited state ∆E 1,OBC closes exponentially in the system size (left panel) indicating the degeneracy of the ground state in the thermodynamic limit. This is in contrast to the case of PBC that is depicted in the right panel of Fig. 2a (blue open triangles) . Here we find that ∆E 1,PBC closes linearly in the system size, and ∆E 1,PBC = ∆E 2,PBC , i.e. the first and second excited state are degenerate (blue open and closed triangles). For OBC, ∆E 2,OBC also closes linearly in the system size (red diamonds). We find that the two degenerate ground states in the case of OBC differ by the parities of the individual wires. Note that for OBC we also have ∆ = 0.
(ii) The intrawire single-particle correlation function G lj = a † l a j for the system of the length L = 24 is shown in Fig. 2b for the case where l = 1, 2 is close to the left edge and j ∈ [l, L]. We see that G lj , being exponentially small inside the wire, attains a finite value at the right edge showing the existence of non-local fermionic correlations typical for a system with MF edge states.
(iii) Topological order (TO) manifests itself in the degeneracy of the entanglement spectrum (ES) [32] [33] [34] 
be the reduced density matrix of the system with respect to some bipartition with support on both wires, where ρ (iv) The robustness of the above properties against static disorder is one of the key manifestations of a nonlocal topological order. We model the disorder by adding the term
j with γ = a, b are random local potentials equally distributed in the interval [−V r , V r ]. We find that even for moderate disorder V r = 0.1t, the ground state remains doubly degenerate, and the system still exhibits the non-local correlations (Fig. 3b) as well as the degen- erate ES (Fig. 3a) , indicating the presence of topological order. For strong local disorder, however, the topological effects disappear, as exemplified by the non-degenerate ES for V r = 1.5t in Fig. 3d .
Remarkably, the observed topological order and its consequences are also stable against a single-particle hopping H ⊥ = i t y a † i b i + h.c. between the two wires, which breaks the parity of the wires and related Z 2 symmetry. As an example, in Fig. 3a we show the energy gap ∆ 1,OBC as a function of t y : The ground state of the system remains quasi-degenerate (∆E 10 −5 ) up to values t y of the order of 0.1t, in agreement with the prediction of Refs. [20, 21] . Note, however, that the dependence of ∆ 1,OBC on L changes from exponential to power law [22] . This stability could be very important for experimental realizations of the model because the interwire single-particle hopping is one of the most probable imperfections.
Pair hopping with cold fermionic atoms. The key ingredient of the Hamiltonian (1) is the interwire pair hopping with coupling W in the absence of (parity violating) single particle tunneling. The basic idea behind an atomic implementation is to introduce offsets in optical lattices, which suppress single particle hopping by energy constraints, while an energy conserving pair hopping is allowed and mediated by interactions.
An atomic setup illustrating these ideas is given in Fig. 1 , while technical details and variants of the scheme can be found in the SI. We implement the two wires of spinless fermions as a bipartite lattice for spinful fermions. Odd and even lattice sites j trap the spin ↑ and ↓ components of the fermions with energies 2 and − 1 , respectively, and transitions between the adjacent wells are induced by an external RF field or a Raman assisted hopping (c.f Fig. 1b) . This realizes the first line of H in Eq. (1). To understand the pair hopping mechanism, consider the plaquette indicated in Fig. 1c by the dashed line. We assume an auxiliary molecular site in the center of the plaquette (indicated as (C) in Fig. 1c) , which traps both ↑ and ↓ atoms, and is connected to the lattice sites on the wire by a spin-preserving tunneling coupling with amplitudes t am and t bm . Pairs of atoms occupying the molecular site are assumed to interact via an onsite interaction U . In addition, we introduce spin-dependent lattice offsets, which are indicated by the − 1 , 2 for the lattice sites on the two wires and for ↑ and ↓ species, respectively ( Fig. 1d-e) . Such offsets can be generated as Zeeman shifts of the spin states, if a gradient magnetic field is applied perpendicular to the wire.
Single particle hopping between the wires is suppressed in this setup: consider an atom, say in the upper wire a in lattice site 1 with spin ↑. Spin-preserving tunneling is possible via the molecular site along the diagonal of the plaquette (virtual processes are indicated in Fig. 1d-e) . It corresponds to the process ↑ 1a →↑ m →↑ 2b , which is suppressed by the corresponding energy offsets + 2 , 0, − 1 . In a similar way also the tunneling of the ↓ atom along ↓ 2a →↓ m →↓ 1b is suppressed by energy conservation. However, for pair hopping ↑ 1a ↓ 2a →↑↓ m →↑ 2b ↓ 1b the overall energy will be conserved, since the two atoms can exchange energy via the interaction U . After adiabatic elimination of the intermediate sites when U, 1/2 t am,bm , the resulting amplitude for the pair-hopping term is W t
. Note that the pair-hopping process ↑ 1a ↓ 1b →↓ 2a ↑ 2b will also be allowed, but does not change the number of particles on the wires, and thus preserves atom number parity on the wires. A detailed description of this pair hopping dynamics including possible imperfections, e.g. induced by the Raman couplings, can be found in the SI. In Fig. 1f we present a numerical analysis of the pair hopping dynamics, where (in units of t am = t bm = 1) 2 = 2 1 = 2, U = −20 (see SI). Finally, note that the engineering of pair hopping has further applications in cold atom systems. For example, the pair hopping can be used as an entangling quantum gate, where the hopping of one particle (control) triggers the tunneling of a second atom (target). Further, it has applications in the context of quantum simulation, e.g. for lattice gauge theories emulation include ring-exchange and rishon determinant interactions [38, 39] .
Detection. Finally, we address the problem of detecting the emerging Majorana states in our AMO setup. Following the proposals of Ref. [40] , this could be done, e.g., by using standard AMO detection tools like timeof-flight imaging and spectroscopic techniques to probe the ground state degeneracy and the inherent non-local fermionic correlations. Demonstration of a non-Abelian statistic of the MFs, on the other hand, requires some dynamical protocols resulting in the motion of MFs around each other. In our setup, one could think of a general-ization of the ideas of Ref. [41] relying on single-site addressing available in current experiments with ultra-cold atoms [42, 43] . Another possibility would be an atomic analog of the fractional Josephson effect [16] using a properly shaped external potential along the x-direction.
Conclusions. In summary, we have shown that topological states of matter with Majorana fermion edge states can be created in fermionic atomic ladders without any additional reservoir or p-wave interaction, but with only interwire pair hopping, which could provide an easier, complementary way for experimental realizations.
SI: PAIR HOPPING MODEL: LOW-ENERGY FIELD THEORY
We present here some details of the low-energy field theory in the lattice pair-hopping model presented in the main text. The Hamiltonian is (for compactness, we adopt here a different notation ca,j = aj, c b,j = bj with respect to the main text)
and has a U (1) ⊗ Z2 symmetry conserving both the total number of particles and the parity of each wire. We apply here the standard bosonization lattice procedure in order to extract the low-energy field theory [1, 2] . Within this framework, we take first the continuum limit (a0 being the lattice spacing) and introduce
The bosonization identities have the following form:
where R/L implies r = ±1 andγ(a/b) = ±1, and we have defined
and the Klein operators
{η † r,γ , η s,β } = 2δsrδ γβ , ηs,γη † s,γ = 1 (8) in order to preserve fermionic commutation relations. The free part (the first line) of the lattice Hamiltonian is then HA + HS, where (∆ = A/S)
with Tomonaga-Luttinger parameters K∆ = 1 and sound velocities v∆ = 2ta 
where γ(n) is a density-dependent coefficient and we omit the Klein factors. Away from the strong coupling limit W/t 1, where interactions between symmetric and (gapped) antisymmetric sector drive the system towards phase separation, the bosonized Hamiltonian H can be effectively split into two distinct sectors. The symmetric one is described by a Tomonaga-Luttinger liquid, whereas the antisymmetric one by a sine-Gordon Hamiltonian with the mass-term for the phase field ϑA. In particular, at the Luther-Emery point K = 2, it is possible to map the antisymmetric sector to the so called massive Dirac Hamiltonian [4] 
by employing standard re-fermionization techniques [1, 5] . (11) is possible due to the specific form of the interaction in the sine-Gordon Hamiltonian involving phase fluctuations ϑA. The effective Hamiltonian (11) corresponds to the continuum limit of the Kitaev chain [4] , and, therefore, supports Majorana edge states. Since the antisymmetric and symmetric sectors are decoupled, the energy splitting between the two degenerate ground states is exponentially small in the system size [3, 4] . However, certain external perturbations, such as interchain backscattering (in the presence of interactions between the wires) or impurities, may change the dependence of the energy splitting on the system size from exponential to algebraic (although with an extremely small prefactor in the vicinity of the Luther-Emery point, see the detailed instanton discussion in Ref. (3) .
SI: EFFECTIVE PAIR-HOPPING HAMILTONIAN -MODEL 1
In this and the following Section, we describe two possible implementation schemes realizing the pair hopping Hamiltonian discussed in the main text.
Single Wire
Before discussing the two couple wires and pair hopping between these wires we briefly describe our setup for a single wire. We implement the single wire of spinless fermions as a bipartite lattice of spinful fermions in an 1D-optical lattice as indicated in Fig. 4a . Odd and even lattice sites j trap ↑ and ↓ components of fermionic atoms, respectively, and transitions between adjacent wells (and the associated spin flip) are induced either by an RF field or by an optical Raman transition. The corresponding Hamiltonian is
with σ=1,2 the energies of the atomic states representing the spins, Ω the Rabi frequency of the Raman drive and ω the corresponding frequency. After a transformation to a "rotating frame" the above Hamiltonian can be rewritten with the mapping a j↓ → aj (j even) and a j↑ → aj (j odd) asH
is the detuning , which acts as an offset (superlattice) for the odd lattice sites. The tunneling amplitude in the lattice can be identified with the Rabi frequency of the drive, t ≡ Ω. Note that the above Hamiltonian corresponds to an effective model of spinless fermions hopping on a 1D lattice.
Two Coupled Wires
The above realization of a 1D wire of spinless fermionic atoms acts as a building block for two coupled wires (with a straightforward generalization to many coupled wires). The setup we have in mind is depicted in Fig. 4b with the wires denoted by a and b, respectively. In addition we introduce auxiliary sites between the wires, which we call center or molecular sites in Fig. 4b . They are the basic ingredient in implementing pair hopping, while strongly suppressing unwanted processes like single particle tunneling (which violates parity of atoms on the two wires). We extend the single wire model of the previous subsection assuming that the spins are placed in a spatially varying magnetic field with gradient perpendicular to the wires. This results in a spin dependent energy offset: the spins ↑ and ↓ on the (upper) a wire have Zeeman energies 2 and − 1, and the corresponding energies on the (lower) wire b are − 1 and 2, respectively. Thus we have the following Hamiltonians for the two (uncoupled) wires:
Ωa † j+r↑,a a j↓,a e −iωt + h.c. ,
If we choose ω = 1 + 2, our model reduces again to a 1D tight binding model for spinless fermions hopping on the wires, as discussed in the previous subsection. The Zeeman offsets will play a central role in the following discussion of pair hopping. As shown in Fig. 4b , atoms can hop from the two wires to (auxiliary) central sites, which can be occupied by both ↑ and ↓ atoms. Two atoms occupying a central site will interact according to an onsite interaction U , effectively forming a "molecule" m. The corresponding Hamiltonian is H = H0 + H1 = H0a + H 0b + H0c + H1.
Here H0a and H 0b are Hamiltonians for the wire as discussed above. The Hamiltonian for the central sites c is where we adopt the notation c ≡ (j, j + 1) for c on the link j, j + 1, and we have an interaction term U between atoms with different spin in the center of the plaquette. The last line is a spin-preserving hopping from the wires to the central site.
Finally, H1 accounts for RF or Raman induced spin-flip transitions,
The first line is a spin-flip at the central site, and the last lines account for an RF or Raman assisted hopping from the wire to the central site. Note that -in contrast to the RF or Raman couplings along the wires -all these terms are off-resonant because the drive frequency ω = 1 + 2 is detuned from from the corresponding transition frequencies 1, 2. Thus these terms average to zero, provided Ω , Ω . We will neglect them in the following discussion. To illustrate the physics of pair hopping we consider now a single plaquette j = 1, 2 (dotted box in Fig. 4b ). We can write the corresponding Hamiltonian in a frame rotating with ω as
−i2 t + h.c.
For the sites on the two wires we have again used the notation a 1↑,a → a1a, a 1↓,b → a 1b and a 2↓,a → a2a, a 2↑,b → a j,b . The first line is again the Raman or RF hopping between sites 2 ↔ 1 with energies − 1 and + 2, respectively, due to absorption (emission) of a photon ω = 1 + 2, which is tuned to compensate the energy difference. The second line corresponds to the central site with interaction and hopping. The last two lines describe a spin-flip on site c, and a Raman assisted hopping and accompanying spin flip from the wires to the central site c.
Let us now analyze the various processes on the plaquette according to the above Hamiltonian. We will argue that an adiabatic elimination of the central site will result in an effective Hamiltonian for the two wires where single particle tunneling is suppressed, while atoms can hop pairwise between the wires.
• Suppression of single particle interwire hopping. Consider a single atom on the plaquette which occupies initially, say, site 1a, i.e. has spin ↑.
The particle hopping to and from the central site preserves spin, and thus it can only tunnel along the diagonal 1 ↑, a → c ↑→ 1 ↑, b. In view of the energy mismatch + 2, 0,− 1 this tunneling process is not energy conserving and thus will occur only as virtual process, which renormalizes the (single particle) tunneling parameters and onsite shifts of the wire sites.
[Note: The above argument ignores the effect of the drive on the central site. We argued above that this coupling will be small for Ω 2 , but can result in a (weak) energy conserving transition 1 ↑, a → 1 ↓, b. We can suppress such terms by tilting the plaquette, so that the energies of the four lattice 1a, 2a, 1b, 1b sites are + 1 , − 2 , + 2 , − 1 with 1 − 2 tma, Ω. This makes the spin-flip interwire tunneling an energy non-conserving process, i.e the tunneling terms of the form a † ja a jb will be absent.]
• Interwire pair hopping. While the single particle interwire hops 1 ↑, a → 1 ↑, b and 2 ↓, a → 1 ↓, b are individually forbidden, the joint hopping is energetically allowed. For this pair hopping to happen the two particles must occupy simultaneously the central site to be able to exchange energy, i.e. to interact. An adiabatic elimination of the central site therefore gives a term W a † 1b a † 2b a1aa2a +h.c., where in the limit of large U
Particle assisted tunneling, where, for example, a particle hops 1 ↑, a → 2 ↑, b while a second particle 2 ↓, a → 2 ↓, a remains on wire a, is suppressed by energy conservation. A process 1 ↑, a → 2 ↑, b while 2 ↓, a → 1 ↑, a requires a spinflip on the central site which we argued to be small; in addition this process can be suppressed by tilting the plaquette.
• Parity-preserving perturbations. Imperfections which preserve the parity symmetry are also present. Local off-sets of the form:
are also generated within second order perturbation theory, the corresponding coefficients being:
Moreover, in fourth order perturbation theory, additional diagonal interactions emerge, induced by virtual processes where two particles from the site j, j belonging to the same plaquette hop into the intermediate sites, and subsequently hop back to j, j . The corresponding terms read:
njσ,αn j σ ,α with coefficients:
are also present. Regarding the relevance of such additional terms in the effective Hamiltonian, we refer the reader to the discussion of the imperfections in the following section.
Numerical analysis of a single plaquette
In the following we investigate a single plaquette and carry out a real-time evolution under the Hamiltoniañ H starting from a state with two particles on the upper wire, |Ψ = a † 1 a † 2 |0 . We plot, as a function of time, the double occupancy pa(t) = na,1(t)na,2(t) and p b (t) = n b,1 (t)n b,2 (t) in the upper resp. lower wire. A large value of p b (t) is an indication of pair hopping. Single particle hopping, which is indicated via a finite value of S(t) = i,j=1,2 na,i(t)n b,j (t) should be suppressed. Taking tam = t bm = 1 as the unit of energy, we depict, in Fig. 5a ), numerical results for p a,b (t) and S(t), where ( 2 − 1) ) + δ, and δ = 1. We find a large and finite value for the pair hopping, while the single particle hopping is of the order of 10 −2 . The occupation of the central sites (Fig. 5b) is very small.
Relation to Model 2
As a final remark we will relate the present model to the one described in the following subsection, where the role of tunneling and Raman beams is interchanged. We can make a time-dependent transformation to rewrite the above plaquette Hamiltonian as 
The first line now looks like a tunneling Hamiltonian, while the last two lines correspond to time-dependent hoppings to the central site with frequencies ± . In this rewriting of the model the lattice offsets have been converted to effective time-dependent RF or Raman couplings. In the following section we investigate a model, which is a generalization of this scheme.
SI: EFFECTIVE PAIR-HOPPING HAMILTONIAN -MODEL 2
Building block: Single wire with resonant coupling to intermediate states
The basic building block of model II is represented by a single plaquette, illustrated in Fig. 6a , where the upper sites belong to the a-wire and the lower sites to the b-one, while the middle sites are employed as intermediate sites (which will then be adiabatically eliminated) to generate the pair tunneling term. Before discussing the emergence of the full pair-tunneling Hamiltonian, we show how one can couple one of the wires to the intermediate sites such that pair tunneling from the wire to the middle sites is generated in second order perturbation theory. This discussion will then be naturally extended to the full plaquette treatment, where the emergence of inter-wire pair tunneling will emerge as a combination of a pair tunneling process from the a-wire to the central sites, and from the central sites to the b-wire. We start by analyzing the system composed by the lower part of the plaquette in Fig. 6a . Atoms in the atomic state |a can occupy the 'wire' sites |aj , |aj+1 and the central site |ac ; atoms in the atomic state |b can occupy the central site |bc . The microscopic HamiltonianH for the subsystem can be decomposed as a sum of three terms:
Ha =Ht,a +HC +HΩ,a.
The first term describes tunneling of the fermions within the wire:H t,a = −ta(a † j aj+1 + h.c.), (16) whereta is the tunneling amplitude, and a † j (aj) are creation (annihilation) operators of fermions in the state |aj . The second term
describes the two intermediate states |ac and |bc in the middle of the plaquette. Here, a † c (ac) and b † c (bc) are creation (annihilation) operators of fermions for the intermediate states |ac and |bc , respectively, Va and V b are the corresponding potential off-sets, and U is the interparticle interaction. The last term
describes the coupling between the wires and the states in the middle of the plaquette: Atoms in the |a state can tunnel from the wire to the intermediate site |ac , with a tunneling coefficient Ja, and can be transferred to the state |bc via a Raman process characterized by (spacedependent) Rabi frequency Ω1,j and detuning ω1. We work here with time-dependent fields assuming a rotating wave approximation (Ω1,j ω1). Note that the same results can be obtained by describing Raman process as an auxiliary quantized single photon mode. We are now interested in the dynamics of such basic building block in the regime where single particle occupation in the intermediate sites is suppressed as a far-off resonant state, while double occupancies of the form a † c b † c |0 are allowed (here, |0 is the fermionic vacuum). In order to illustrate it, we perform a quasi-degenerate perturbation theory (within the rotating wave approximation) in the limit |U |, ω1, Va, Vv t a, | Ω 1,j/j+1 |, with the additional quasi-resonant condition:
In this limit, the two states a † j a † j+1 |0 and a † c b † c |0 are the only quasi-degenerate with total number of fermionic particles equal to two. After eliminating the states with singly occupied intermediate sites in the second order perturbation theory, we obtain the following effective Hamiltonian:
with a renormalized tunneling rate
an effective interaction in the intermediate site δU , and a potential off-set on the a-wire:
Despite its simplicity, this setup already displays the fundamental features of the emergence of inter-wire pair tunneling. We will now show how the two wires can be resonantly coupled to the intermediate sites while avoiding single particle inter-wire tunneling. 
Coupled wires
Our goal is to derive an effective Hamiltonian for the full plaquette where i) single occupancies in the intermediate sites are suppressed, and ii) single particle tunneling between the wires is suppressed by energy constraints. The first condition is fulfilled in the regime discussed in the previous section; moreover, as single particle tunneling between the wires is always driven by a single auxiliary field [7] , the condition:
guarantees that inter-wire single particle tunneling are faroff resonant processes, and thus suppressed within perturbation theory (see Fig.8 ).
assisted process, respectively, and then move back to the same two sites. The effective contribution in the Hamiltonian reads:
and the corresponding pre-factors in fourth-order perturbation theory are:
and
The effect of these terms is to renormalized the single wire Luttinger parameter, producing only some quantitative shifts in the model Hamiltonian phase diagram. In case G b , Ga < 0, the topological phase is expected to emerge at smaller values of W , as the value of KA becomes larger when an additional intra-wire attraction is introduced [2] .
Inter-wire interactions. Inter-wire terms emerge as well in fourth order perturbation theory. They are induced by virtual processes, where a particle hops from |a i to |a c and another one hops from |b l to |b c (or similar processes induced by the Raman couplings), and then both of them hop back to the original wires in |a k and |b r . The contribution in the effective Hamiltonian then reads:
i,l,k,r=j,j+1
Here, the indices i, l, k, r belong to the same plaquette, that is, i, l, k, r ∈ {j, j + 1}. The corresponding coefficients are:
While not breaking the parity symmetry, these terms may lift the splitting of the ground and first excited state from exponential to algebraic as a function of the system size [3] ; as such, it'd be preferable to strongly reduce their effects in order to guarantee observability of the topological features even in small size systems. In general, the ration between W and K i,l,k,r can be minimized by tuning the Hamiltonian parameter in such a way that the sum of all processes involved in K i,l,k,r is annihilated via quantum interference; this requires matching conditions involving both interactions, off-sets and detunings. A simpler, alternative way is to tune the potential offsets such that Va = −∆ − V b , so that the first contribution is killed via interference, and then take J 4Ω; this way, the ratio W/K i,l,k,r will be of order 1/(4 * (16)) = 1/64, thus negligible with respect to other possible imperfections in the system. Real time evolution for the parameters in the main text and δU = 0kHz, δV = 0.02kHz. a) Time evolution of the expectation values pa(t) = na,1(t)na,2(t) and p b (t) = n b,1 (t)n b,2 (t) that indicate the pair hopping. Single particle hopping indicated by S(t) = i,j=1,2 na,i(t)n b,j (t) is of the order of 10 −2 . b) Since the detuning δ = 0, the occupation of the intermediate sites na c , n bc , is relatively large large.
Other contributions. Within the effective Hamiltonian, the additional potential off-sets should have the same effects as the intra-wire terms, and it can be shown that they strength can be tuned by slightly shifting the initial potential off-set ∆ from exact degeneracy according to Eq. (27) . Moreover, it can be shown (by employing a floquet formalism) that imperfect addressing of the individual sites by the Raman beams does not qualitatively modify the effective Hamiltonian, as the quasi-degenerate subspace within perturbation theory is not affected.
Numerical results
In the following we present quantitative results on model I defined on a single plaquette. Starting from a state with two particles on the upper wire, |Ψ = a † 1 a † 2 |0 , we carry out a real time evolution under the HamiltonianH. Based on our numerics, we answer the following two questions: (1) Can we suppress single particle hopping between the two wires? (2) Do we get pair hopping? Further, we check the validity of our perturbation theory assumptions. First, we investigate the effect of giving up the space dependence of the Rabi frequencies and take Ωj = Ωj+1. We expect that the pair hopping disappears. Second, we check the resonance condition for pair hopping, ∆ = 2 (ω1 + ω2), by comparing to a protocol where ∆ = ω1, i.e. single particle hopping is resonant. For the numerical investigation, we use the experimentally realistic parameters
where we have defined δU and ∆V to account for small deviations from the resonance conditions, as the are expected in a realistic experimental setup.
Suppression of single particle hopping
We carry out a numerical analysis that proves the suppression of single particle hopping in model I using the parameters defined above. As a figure of merit, we take the expectation value S(t) = i,j=1,2 na,i(t)n b,j (t) that indicates if we find, for some time t, one particle on the upper and the other particle on the lower wire. We find, that for δU and δV on the order of a few hundred Hertz the expectation of S(t) is of the order of 10 −2 .
Creation of pair hopping
Next, we present a numerical proof that we can engineer pair hopping in our setup. As a figure of merit, we take the expectations pa(t) = na,1(t)na,2(t) and p b (t) = n b,1 (t)n b,2 (t) indicating that the two particles are both on the same wire. If pair hopping is possible, then pa(t) should decrease with time, while p b (t) increases. In Fig. 9 we present results for δU = 0, δV = 0.02kHz. We see that the occupation of the intermediate site is relatively large. This problem can be overcome by introducing a detuning δU = 0. As shown in Fig. 10 , already a small detuning of δU = 0.3kHz, δV = 0.02kHz significantly reduces the occupation of the intermediate sites.
Further, from the width of pa(t) and p b (t) we can deduce that W ∼ 1/100kHz = 10Hz is of the order of the hopping ta.
Check of the perturbation theory
Now, we investigate the validity of our perturbative approach. First, we give up the space dependence of the Rabi frequencies and take Ωj = Ωj+1. We expect that the pair hopping disappears, and that there is no hopping between the two wires. This assumption is confirmed by our numerical analysis: The expectation pa(t) = 1 for all times, while p b (t) = 0. Further, S(t) is of the order of 10 −2 . Finally, we consider the case where we tune the parameters in our model such that they are resonant to single particle hopping, i.e. we take ∆ = ω1. We find that p b (t) = 0 for all times in agreement with a vanishing pair hopping (see Fig. 11a) ). The results for the single particle hopping, indicated by a non-vanishing values of S(t) are depicted in Fig. 11b ). Real time evolution for the parameters in the main text and single particle resonance, ∆ = ω1. a) Time evolution of the expectation values pa(t) = na,1(t)na,2(t) and p b (t) = n b,1 (t)n b,2 (t) that indicate a vanishing pair hopping. b) Single particle hopping indicated by S(t) is large.
FINAL REMARKS
Let us conclude with some final remarks on the realization of the pair hopping Hamiltonian. As discussed in the previous sections, pair tunnelings of order W/t 1 can be achieved when considering tunneling rates t/h 10 − 20 Hz (as currently employed in ultracold fermion experiments [8] ) for Rabi frequencies of order Ω 2π × 6 kHz. Employing Raman beams with larger Rabi frequencies would lead to even better energy scales (although sufficiently strong interactions would be needed as well). An alternative route toward the observation of Majorana edge states would be to consider the plaquette Hamiltonians without tracing out intermediate states with pair of particles in the intermediate sites, that is, obtaining Hamiltonian of the form in Eq. (32) , where the corresponding couplings Wa, W b may be much larger that W , as they are derived in second order perturbation theory. The numerical results confirm this enhancement (in the specific case, by a factor of 10). The same considerations apply to model II. The corresponding many-body scenario would then be very similar to the one described in Ref. 3 , where the a and b-wire are couple to an additional 1D s-wave superfluid with a large spin gap (described by the dynamics in the intermediate sites). Minimal instances of the present scheme can be validated on a single plaquette, by measuring the relative parity of a certain state under the evolution of the effective Hamiltonian by using band-mapping or in-situ imaging techniques [9] . Moreover, a generalization to multi-leg ladders and 2D setups is indeed conceivable under the same assumptions described in the previous sections.
